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Abstract
Complex frequency modes occur for a scalar field near a rapidly rotating star with
ergoregion but no event horizon. Such complex frequency modes must be included in
the quantization of the field. As a model for this system, we have investigated a real
scalar field with mass µ in a one-dimensional square-well potential. If the depth of the
potential is greater than µ2, then there exist imaginary frequency modes. It is possible
to quantize this simple system, but the mode operators for imaginary frequencies satisfy
unusual commutation relations and do not admit a Fock-like representation or a ground
state. Similar properties have been discussed already by Fulling for a complex scalar
field interacting with an external electrostatic potential.
We are interested in the field dynamics in the physical case where the initial state
of the quantum field is specified before the complex frequency modes develop. As a
model for this, we investigated a free scalar field whose “mass” is normal in the past and
becomes “tachyonic” in the future. A particle detector in the far future placed in the
in-vacuum state shows non-vanishing excitations related to the imaginary frequency
modes as well. Implications of these results for the question of vacuum stability near
rapidly rotating stars and possible applications to other fields in physics are discussed
briefly.
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1 Introduction
It has for a long time been known that the ergosphere of a rotating black hole leads to
superradiance[1]. The quantum counterpart of this classical phenomenon of wave amplifi-
cation, the so-called Starobinskii-Unruh process[2, 3], has been studied, predating Hawk-
ing’s discovery of the black hole evaporation[4]. It, however, is still unresolved whether
the Starobinskii-Unruh effect is primarily due to the existence of the event horizon or the
ergoregion.
To resolve this question, Matacz, Davies and Ottewill[5] have investigated the quantum
vacuum stability of a real massless scalar field near rapidly rotating stars that have an er-
goregion but no event horizon. It turned out that the Starobinskii-Unruh effect is absent in
this setting if one assumes only real frequency modes occur. This result may indicate that
presence of the ergosphere is not sufficient for particle production. However, as mentioned by
the authors in Ref.[5], the inclusion of complex frequency modes could change the conclusion
seriously. In fact, Ashtekar and Magnon[6] have given a general argument based on complex
structure approach indicating particle production near a star with ergoregion. In the case
of rotating black holes, Whiting[7] has proved, for massless fields, that complex frequency
modes do not occur. On the other hand, in the case of rapidly rotating stars with ergore-
gions, negative energy could be accumulated within the ergoregion with giving radiation of
positive energy to infinity. This process indeed generates complex frequency modes[8]; see
the appendix for details. These modes are exponentially amplified, reminiscent of a laser,
form a discrete set, and may give rise to a novel form of vacuum instability after being
quantized. The issue of the ergoregion instability in stars has also been studied by many
authors from various points of view classically[9], although its quantum counterpart has not
as yet been understood well. Therefore, in order to conclude whether or not the vacuum
instability occurs near stars with ergoregions, one has to include these complex frequency
modes as well and needs to understand their physical role in the problem. The first step will
be to learn how to quantize complex frequency modes in general. In addition, these complex
frequency modes are also relevant in other physical systems such as leaky optical cavities[10],
electromagnetic waves in plasma[11], α-decay and the associated quantum mechanical tun-
nelling problems[12], compound nucleus theory[13], and wave propagation in gravitational
systems[14].
The quantization of a charged field in some electrostatic potentials including complex
frequency modes has been briefly mentioned first by Schiff, Snyder and Weinberg after they
discovered the occurrence of those modes – the so-called Schiff-Snyder-Weinberg effect –
when the potential becomes strong[15]. Schroer and Swieca[16] have constructed a formal
quantization of a charged Klein-Gordon field with strong stationary external interactions.
This quantization of field including such complex frequency modes shows that there is no
Fock-like representation, e.g., no normalizable energy eigenstates, a breakdown of the vacuum
postulate, and a breakdown of the particle interpretation of the quantum field theory. One
specific and simple application of the above formulation was demonstrated by Schroer[17]
for a free scalar field with a “tachyonic” mass, i.e., µ2 < 0. Here the author shows how
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the inclusion of imaginary frequency modes gives a consistent quantum field theory which
is relativistically causal. Fulling[18] made clear the precise relationship of the occurrence
of complex frequency modes to the Klein paradox[19]. It has also been shown how particle
creation near a rotating black hole can be understood in terms of the Klein paradox[18, 20],
assuming complex frequency modes do not occur[21]. Similarly, the quantum instability near
a rotating star, if it occurs, may be understood in terms of Schiff-Snyder-Weinberg effect.
In the present paper, we describe the general features of quantization in the presence of
complex frequency modes by considering a real scalar field interacting with external scalar
potential. The direct application to the system of a star with ergoregion will appear else-
where. In Sec.2, the quantization is carried out in the presence of imaginary frequency modes.
Many peculiar changes, due to imaginary frequency modes, in the conventional formulation
of second-quantization are also shown explicitly. In Sec.3, two simple models for potentials
revealing imaginary frequency modes are given. Possible implications for the issue[5] of vac-
uum stability near rotating stars and applications to other fields in physics are discussed in
Sec.4. In the appendix, the occurrence of complex frequency modes is reviewed for the case
of rapidly rotating stars.
2 Quantization in the Presence of Imaginary
Frequency Modes
As seen in the appendix, it is essential to include complex frequency modes as well as real
ones in the quantization of fields near rapidly rotating stars. Instead of quantizing fields near
stars with ergoregions directly, it will be much easier to consider a simpler system which
contains the essential aspect of the problem. In this section, we describe a formulation of
quantization for a real scalar field interacting with an external potential in Minkowski flat
spacetime, assuming the potential is sufficiently negative so that imaginary frequency modes
occur. Let us consider the following system in Minkowski flat spacetime:
L = 1
2
(∂µφ∂
µφ+ µ2φ2 + V (x)φ2) (1)
where µ is the mass of the real scalar field φ(x) and V (x) is an external scalar potential.
The field equation is then
∂2
∂t2
φ(x) + (−∇2 + µ2 + V (x))φ(x) = 0. (2)
If the potential V (x) is time-independent, solutions are separable in the form of
φ(j)(x) = φj(x)e
−iωjt (3)
where φj(x) satisfies
ω2jφj(x) = (−∇2 + µ2 + V (x))φj(x). (4)
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This form of equation, Eq. (4), often appears for free fields in stationary curved spacetime
as a radial part. For instance, see Eq. (58) in the appendix. Thus, by studying the simple
system above, we are able to understand the essential behavior of fields in curved spacetime
as well. Eq. (2) is also analogous to that of electromagnetic waves in an optical cavity with
a position dependent dielectric constant n2(x)[22]. Before going further, let us consider the
non-relativistic limit of the above equation. The energy-momentum relation for a single
particle corresponding to Eq. (2) will be E2 = p2+µ2+V (x), or (E−µ)(E+µ) = p2+V (x).
For a non-relativistic particle p << µ in a weak potential V << µ2, E ≃ µ and so E − µ ≃
p2/2µ + (2µ)−1V (x), which is a form of Schro¨dinger equation with a potential (2µ)−1V (x).
For a strong potential |V | >> µ2, one does not recover the usual form above and expects
that E becomes pure imaginary when the potential is sufficiently negative[23].
Now note that the frequency ωj in Eq. (4) could be either real or pure imaginary depend-
ing on the value of the potential V (x). That is, multiplying Eq. (4) by φ∗j and integrating
it, we find
ω2j =
∫
Σ d
3x [|∇φj|2 + (µ2 + V (x))|φj|2]−
∮
∂Σ φ
∗
j∇φj · dS∫
Σ d
3x|φj |2 . (5)
Here we assume suitable boundary behavior of the field so that the integration on the spatial
boundary in Eq. (5) vanishes[24]. Now it can be easily seen in Eq. (5) that, if the potential
V (x) is sufficiently negative, then there could exist mode solutions such that ω2j would be
negative and so ωj would be pure imaginary, i.e., ω
∗
j = −ωj . In the case of free fields, e.g.,
V (x) = 0, the frequency must be real provided the boundary terms in Eq. (5) vanish. Note
that even plane waves of complex frequencies with dispersion relations ω2j = k
2
j + µ
2 satisfy
the KG equation. However, the field becomes singular at spatial infinity, which cannot be
accepted physically in the free case.
Now let us define a Klein-Gordon inner product induced from the field equation Eq. (2)
[18]. Multiplying Eq. (4) by φ∗k and subtracting the same form for φ
∗
k multiplied by φj, we
obtain
(ωj − ω∗k)(ωj + ω∗k)
∫
Σ
d3xφ∗kφj = −
∮
∂Σ
(φ∗k∇φj − φj∇φ∗k) · dS. (6)
Assuming suitable boundary conditions in which the right hand side of Eq. (6) vanishes, we
see
(ωj − ω∗k) <φk , φj>= 0 (7)
where < φk , φj >= (ωj + ω
∗
k)
∫
d3xφ∗kφj = i
∫
t=0 d
3xφ∗(k)
↔
∂t φ(j). Since
∫
d3xφ∗(k)
↔
∂t φ(j) is
time-independent, we define a Klein-Gordon inner product as follows:
<φ1 , φ2>= i
∫
t
d3xφ∗1
↔
∂tφ2 (8)
at any space-like Cauchy surface. This equation yields non-trivial orthogonality relations in
general–the so-called “quasi-orthogonality”[18, 15]. First, notice from Eq. (3) and Eq. (4)
that we have four linearly independent mode solutions
φ(j) = (ωj, φj) , φ
∗
(j) = (−ω∗j , φ∗j) , φ(j¯) = (ω∗j , φ∗j) , φ∗(j¯) = (−ωj, φj). (9)
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for given any mode solution (ωj, φj) ≡ φj(x)e−iωjt. If ωj 6= ω∗k, we find from Eq. (7) that φ(j)
and φ(k) are orthogonal:
<φ(k) , φ(j)>= 0 if ωj 6= ω∗k. (10)
For real ωj , we define
ǫj =<φ(j) , φ(j)>= 2ωj
∫
d3x |φj|2. (11)
For ǫj 6= 0, therefore, we can normalize φj so that ǫj = ±1 according to the signature
of the frequency ωj . For imaginary ωj, however, we see from Eq. (10) that φ(j) is null:
<φ(j) , φ(j)>= 0. But, φ(j) and φ
∗
(j¯) are NOT orthogonal, and
ǫ¯j =<φ
∗
(j¯) , φ(j)>= 2ωj
∫
d3x |φj|2 (12)
can be set to ±i according to the signature of Im ωj by normalizing φj. According to
Eq. (10), the pairs (φ(j), φ(j¯)) and (φ
∗
(j), φ
∗
(j¯)) in Eq. (9) are not necessarily orthogonal for real
ωj, respectively, since ωj = ω
∗
k. By linearly combining them, however, we can always find a
set having the same form in which they are orthogonal. Hence we finally have the following
“quasi-orthogonality” relations
<φ(j) , φ(k)>= ǫjδ(j)(k) for real ωj ;
<φ(j) , φ(j)>= 0, <φ
∗
(j¯) , φ(j)>= ǫ¯j for imaginary ωj
where we can normalize the field φj so that ǫj = ±1 and ǫ¯j = ±i unless they vanish.
The total mode energy that the field mode contains classically is proportional to its norm.
Thus, any imaginary frequency mode has zero total mode energy. To see this relationship it is
convenient to introduce the two-component formalism[18, 3] of the Klein-Gordon equations.
The canonical conjugate π(x) of the field φ(x) and the two-component field Φ(x) are defined
as follows:
π =
∂L
∂φ˙
= φ˙, Φ =
(
φ
π
)
. (13)
Then Eqs. (2) and (4) are respectively equivalent to
i
∂
∂t
Φ(t,x) =WΦ(t,x), WΦj(x) = ωjΦj(x) (14)
where
W =
(
0 i
−i(−∇2 + µ2 + V ) 0
)
, Φj(x) =
(
φj(x)
−iωjφj(x)
)
. (15)
Now we find from Eq. (8) that
<φ1 , φ2>= −
∫
d3xΦ†1σ2Φ2 ≡<Φ1 , Φ2> (16)
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where σ2 =
(
0 −i
i 0
)
. Then we see
<Φ(j) , WΦ(j)>=
∫
Σ
d3x [|π(j)|2 + |∇φ(j)|2 + (µ2 + V )|φ(j)|2]−
∮
∂Σ
φ∗(j)∇φ(j) · dS. (17)
Therefore, if the mode solution satisfies suitable boundary conditions such that the surface
term above vanishes, then the total energyH of the classical field mode, which is proportional
to the first term in the above equation, will be proportional to the norm of the field mode,i.e.,
∼<φ(j) , φ(j)>. It implies that the total energy of a real frequency mode is ∼ ǫjωj whereas
that of an imaginary frequency mode is zero. However, the energy density is not necessarily
zero everywhere for imaginary frequency modes. In fact, one may easily show from Eq. (17)
that the mode energy density is exponentially increasing or decreasing, depending on the
signature of Im ωj, in time and is negative in a region where the potential is strongly negative.
In the case of a rapidly rotating star, the mode energy density for complex frequencies
is negative in the ergoregion which is exactly canceled by the positive energy outside as
shown in the appendix. This property will also be demonstrated explicitly for the case
of a square-well potential in Sec.3.1. Note also that W is Hermitian with respect to the
inner product defined in Eq. (16). That is, assuming suitable boundary conditions for the
solutions, <WΦ1 , Φ2 >=< Φ1 , WΦ2 >(For Φ1 = Φ2, this relationship is always satisfied,
independent of boundary conditions.). Thus, the norm <Φ1(t) , Φ2(t)> is time-independent
and so is <φ1(t) , φ2(t)> as mentioned above.
Now the general solution of Eq. (2) will be
φ(t,x) =
∑
ωj>0
(ajv(j) + a
†
jv
∗
(j) + aj¯v(j¯) + a
†
j¯v
∗
(j¯)) +
∑
Im ωj>0
(dju(j) + d
†
ju
∗
(j) + dj¯u(j¯) + d
†
j¯u
∗
(j¯))
=
∑
ωj>0
(ajφje
−iωjt + a†jφ
∗
je
iωjt + aj¯φ
∗
je
−iωjt + a†j¯φje
iωjt)
+
∑
Im ωj>0
[(djφj + d
†
jφ
∗
j)e
−iωjt + (dj¯φ
∗
j + d
†
j¯φj)e
iωjt]. (18)
Note that the time dependence of mode solutions is exponentially increasing or decreasing
(∼ e±|ωj |t) for imaginary modes. To construct the quantum theory of this real scalar field
we now interpret φ(t,x) as an operator-valued distribution with the following equal-time
commutation relations
[φ(t,x) , π(t,y)] = iδ(x− y) , [φ(t,x) , φ(t,y)] = [π(t,x) , π(t,y)] = 0 (19)
where the canonical conjugate π(t,x) = ∂φ/∂t = φ˙ is defined as usual. By using the following
relations,
aj =<v(j) , φ(x)>, dj = −i <u∗(j¯) , φ(x)>, dj¯ = i <u∗(j) , φ(x)>, (20)
we obtain commutation relations among mode operators:
[aj , a
†
k] = δjk , [aj , ak] = [a
†
j , a
†
k] = 0 ;
[dj , dj¯] = −i , [dj , d†j] = [dj , d†j¯] = [dj¯ , d†j¯ ] = [dj , dk] = [d†j , d†k] = · · · = 0. (21)
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Note the unusual form of commutation relations among mode operators for imaginary fre-
quencies which result from the quasi-orthogonality properties among mode solutions. By
“unusual” we mean that dj and d
†
j commute but dj and dj¯ do not. It will be shown below
that this property is related to the inverted harmonic oscillator representation of mode oper-
ators for imaginary frequencies. We may redefine mode operators for imaginary frequencies
in a different way that d′j = e
ipi/4dj and d
′
j¯ = e
ipi/4dj¯. Then, [d
′
j , d
′
j¯ ] = [d
′†
j , d
′†
j¯ ] = 1, and
the rescaled mode functions u′(j) = e
−ipi/4u(j) and u
′
(j¯) = e
−ipi/4u(j¯) in Eq. (18) will have the
following orthogonality; <u′∗(j¯) , u
′
(j)>= −iǫ¯j → ±1.
To check if these mode operators have particle interpretation let us consider the Hamil-
tonian operator for the Lagrangian Eq. (1)
H =
1
2
∫
d3x [π2 + (∇φ)2 + (µ2 + V )φ2]. (22)
In terms of mode operators, we find
H =
1
2
∑
ωj>0
ωj(a
†
jaj + aja
†
j + a
†
j¯aj¯ + aj¯a
†
j¯)
+
1
2
∑
Im ωj>0
iωj(dj¯dj + djdj¯ + d
†
jd
†
j¯ + d
†
j¯d
†
j). (23)
Note H† = H as expected. By linearly transforming into Hermitian operators, e.g., aj =
(ω
1/2
j Qj + iω
−1/2
j Pj)/
√
2 with [Qj , Pj] = i, one can easily see that the Hamiltonian for real
frequency modes has a representation of a set of attractive harmonic oscillators as usual.
Thus, the energy spectrum is discrete and bounded below. By defining a vacuum state such
that aj| 0 >= 0 for all j, one can construct a Fock space which possesses the conventional
particle interpretation. For the mode operators of imaginary frequencies, let us consider
following linear transformations,
dj = −1
2
[i(|ωj |1/2qj + |ωj|−1/2pj) + (|ωj|1/2qj¯ − |ωj|−1/2pj¯)],
dj¯ =
1
2
[i(|ωj|1/2qj − |ωj|−1/2pj) + (|ωj|1/2qj¯ + |ωj|−1/2pj¯)]. (24)
Here q and p are Hermitian operators satisfying [q , p] = i again. Then, the Hamiltonian
operator for imaginary frequency modes can be expressed by
∑
Im ωj>0
Hj =
∑
Im ωj>0
1
2
iωj(dj¯dj + djdj¯ + d
†
jd
†
j¯ + d
†
j¯d
†
j)
=
∑
Im ωj>0
1
2
(p2j − |ωj|2q2j + p2j¯ − |ωj|2q2j¯ ). (25)
We find that Hj is a system of two decoupled repulsive harmonic oscillators with frequency
|ωj|. The energy spectrum is continuous then and not bounded below. Thus, it has no ground
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state. One cannot define a reasonable vacuum state for Hj . In fact, the Hamiltonian Hj has
no normalizable eigenstate. We shall show an explicit construction of energy eigenfunctions
below which is non-normalizable. Suppose it has an energy eigenstate such that H|ψE >=
E|ψE>. Notice from Eq. (21) and Eq. (23) that
[H, dj] = −ωjdj , [H, d†j ] = −ωjd†j, [H, dj¯] = ωjdj¯ , [H, d†j¯] = ωjd†j¯. (26)
Thus, dj |ψE > and d†j|ψE > and dj¯|ψE > and d†j¯ |ψE > are eigenstates with eigenvalues
(E ± ωj), respectively, which are not real any more since ωj is imaginary. This fact is not
inconsistent with the Hermiticity of the Hamiltonian operator because energy eigenstates
are not normalizable ones. All these properties described above, therefore, indicate that
imaginary frequency mode operators do not possess a Fock-like space although there is a
Hilbert space for them as will be shown below.
Before explicitly constructing a Hilbert space for Hj , one finds that it is convenient to
define mode operators in a different way, which also makes the connection of imaginary mode
operators to the inverted harmonic oscillator representation transparent. Let us first consider
an operator H = 1
2
(p2 + ω2q2) where p and q are Hermitian operators satisfying [q, p] = i,
and ω is an arbitrary complex number. Then, H = 1
2
ω[(ω1/2q)2 + (ω−1/2p)2] = 1
2
ω(ab + ba)
where a = (ω1/2q + iω−1/2p)/
√
2 and b = (ω1/2q − iω−1/2p)/√2 satisfying [a, b] = 1. Note
that [H, a] = −ωa and [H, b] = ωb. For a real ω corresponding to an attractive harmonic
oscillator, a† = b and so H = 1
2
ω(aa† + a†a) with [a, a†] = 1. For a pure imaginary ω = i|ω|,
which corresponds to a repulsive harmonic oscillator, a =
√
i(|ω|1/2q + |ω|−1/2p)/√2 = ia†
and b =
√
i(|ω|1/2q − |ω|−1/2p)/√2 = ib† 6= a†. Let φj(x) = φRj (x) + iφIj (x) where φRj and φIj
are real functions. Then, the field decomposition in Eq. (18) has the following form
φ(t,x) = · · ·+ (b′jφRj + c′jφIj )e−iωjt + (b′j¯φRj + c′j¯φIj )eiωjt + · · · (27)
where
b′j = dj + d
†
j = b
′†
j , b
′
j¯ = dj¯ + d
†
j¯ = b
′†
j¯ , c
′
j = i(dj − d†j) = c′†j , c′j¯ = −i(dj¯ − d†j¯) = c′†j¯ . (28)
Then, [b′j , b
′
j¯ ] = [c
′
j , c
′
j¯] = −2i, otherwise vanishes. By redefining b′j =
√−2ibj and c′j =√−2icj so that [bj , bj¯] = [cj, cj¯ ] = 1, the Hamiltonian operator Hj in Eq. (25) becomes
Hj =
1
2
ωj(bjbj¯ + bj¯bj + cjcj¯ + cj¯cj). (29)
Now we can easily see that Hj is equivalent to a system of two decoupled repulsive harmonic
oscillators with frequency |ωj|. As a consequence, one also finds that the unusual feature
of commutation relations in Eq. (21) for imaginary mode operators is indeed related to a
property of the inverted harmonic oscillator system.
By defining a new set of Hermitian operators x =
√−ibj , px = −i∂x = −
√−ibj¯ , y =√−icj, and py = −i∂y = −
√−icj¯ , one can easily find energy eigenfunctions[16]
ψεm(r, ϕ) = (2π)
−1r−iε−1eimϕ (30)
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where ε is an arbitrary continuous real number and m an integer. Since Hjψεm =
1
2
ε|ωj|ψεm,
the continuous energy eigenvalue is Ej =
1
2
ε|ωj|. These eigenfunctions are orthogonal
∫
ψ∗ε′m′ψεmrdrdϕ = δ(ε− ε′)δmm′ , (31)
and are complete ∫ ∞
−∞
dεψ∗εm(x)ψεm(y) = δ(x− y). (32)
Note from Eq. (31) that energy eigenfunctions are not normalizable. However, one can
construct normalizable wave packets from them[17]. These square integrable wave packets
form a Hilbert space Hj . The Hilbert space for the quantum field φ is then
H = HRe ⊗
∏
j
Hj (33)
where HRe is the usual symmetrized Fock space generated by real frequency modes and∏
j Hj by imaginary frequency modes which can be either a finite number of products or an
infinite number of products depending on how many imaginary frequency modes occur in
the system.
3 Specific Models
As a simple model for the system, we investigate a real scalar field with mass µ in a one-
dimensional static square-well potential, and explicitly show that a finite number of imag-
inary frequency modes appear as the depth of the square-well becomes deeper than µ2. In
addition, we will also investigate a free scalar field in a time varying potential since we are
interested in the physical case where the initial state of the quantum field is specified before
the complex frequency modes develop. For instance, it will be very interesting to study
the vacuum stability of quantum fields in the distribution of collapsing matter which finally
settles down to a rapidly rotating star with ergoregion.
3.1 Square-well potentials
Now let us apply the formulation constructed above to a specific model in two-dimensional
spacetime in which the potential is
V (x) =
{
0 for |x| > a,
−V0 for |x| < a. (34)
Then, the field equation Eq. (4) becomes
d2φj/dx
2 + (ω2j − µ2)φj = 0 for |x| > a,
d2φj/dx
2 + (ω2j − µ2 + V0)φj = 0 for |x| < a. (35)
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The solutions will be stationary or exponential depending on the sign of the coefficients of
the second terms. As boundary conditions, we assume that φj(x) is not singular at x = ±∞,
and that φj and dφj/dx are continuous at x = ±a[25].
If the frequency ωj is complex, the argument below Eq. (5) shows that it should be
pure imaginary. If V0 ≤ µ2, which also includes the case of a step potential when V0 < 0,
then both inside and outside solutions are exponential for imaginary frequencies. Since this
class of solutions cannot satisfy the continuity of the first derivative at x = ±a, there is no
imaginary frequency mode solution in this case and so the quantization will end up with
the Fock space HRe only. For V0 > µ2, however, there are three classes of mode solutions
including imaginary frequency ones. Let ω2j − µ2 + V0 = k2. Hence, ω2j − µ2 = k2 − V0.
Since ωj is possibly pure imaginary only, k
2 must be real. If k2 is negative(and so is k2 − V0
as well), there will be no solutions satisfying continuity conditions at x = ±a by the same
reason above. Thus, it is sufficient to consider only real k ranging from −∞ to ∞.
(i) If k2 > V0, then ω
2
j > µ
2 and so ωj is real. There are two linearly independent
solutions Rφk(x) and
Lφk(x) for any continuous k in this range:
Rφk(x) =


ei
√
k2−V0 x +RRe
−i
√
k2−V0 x for x ≤ −a,
AR sin kx+BR cos kx for −a ≤ x ≤ a,
TRe
i
√
k2−V0 x for x ≥ a,
(36)
and
Lφk(x) =


TLe
−i
√
k2−V0x for x ≤ −a,
AL sin kx+BL cos kx for −a ≤ x ≤ a,
e−i
√
k2−V0x +RLe
i
√
k2−V0x for x ≥ a.
(37)
The coefficients are determined by the continuity conditions at x = ±a. Rφk(x) can be
regarded as a right-going wave with reflection at x = −a. Similarly, Lφk(x) is a left-going
wave with reflection at x = a.
(ii) If V0−µ2 ≤ k2 ≤ V0, then 0 ≤ ω2j ≤ µ2 and so ωj is still real, but the outside solution
must be exponential since ω2j − µ2 = k2 − V0 < 0. There are even or odd solutions for some
discrete values of k in this range:
eφkj(x) =


e
√
V0−k2jx for x ≤ −a,
Ce cos kjx for −a ≤ x ≤ a,
e−
√
V0−k2jx for a ≤ x,
(38)
and
oφkj(x) =


e
√
V0−k2jx for x ≤ −a,
Co sin kjx for −a ≤ x ≤ a,
−e−
√
V0−k2jx for a ≤ x.
(39)
Here kj is determined by continuity conditions at x = ±a again. For even modes,
kja tan kja =
√
V0a2 − (kja)2. (40)
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Thus, depending on
√
V0a, µa, and a, there could be no k value giving a solution or a finite
number of k’s which give mode solutions. For odd modes,
kja cot kja = −
√
V0a2 − (kja)2. (41)
(iii) If 0 ≤ k2 ≤ V0 − µ2, then −(V0 − µ2) ≤ ω2j < 0 and so ωj is imaginary. The form of
mode solutions is the same as in case (ii), i.e., Eq. (38)-(39). The equations determining the
k’s are also the same as in Eq. (40)-(41), but the range of ka is different. Since it includes
zero, there always exists at least one even mode solution.
We have shown before that the total classical mode energy is zero for imaginary frequency
modes. One can check this property for any imaginary frequency mode solutions. For
example, the energies stored outside and inside the square-well for an even mode are
HOUT ∼
√
V0 − k2j e−2
√
V0−k2jae2|ωj |t, HIN ∼ −kjC2e cos kja sin kjae2|ωj |t. (42)
Note that both they are incresing exponentially in time. However, the total energy is
H = HOUT +HIN ∼ (
√
V0 − k2j − kj tan kja)e2|ωj |t (43)
which vanishes because of Eq. (40). Note also that HIN is always negative for imaginary
modes as expected from the form of the energy density in Eq. (22).
The field operator in Eq. (18) can be written as follows in this case:
φ(t, x) =
∑
k2>V0(k>0)
[(Rak
Rφke
−iωt + Ra†k
Rφ∗ke
iωt) + (Lak
Lφke
−iωt + La†k
Lφ∗ke
iωt)]
+
∑
V0−k2≤k2j≤V0
[(eakj
eφkje
−iωjt + ea†kj
eφ∗kje
iωjt) + (oakj
oφkje
−iωjt + oa†kj
oφ∗kje
iωjt)]
+
∑
0≤k2
j
<V0−µ2
[(edkj
eφkj +
ed†kj
eφ∗kj)e
−iωjt + (odkj
oφkj +
od†kj
oφ∗kj)e
iωjt] (44)
where ω = +
√
k2 + µ2 − V0 for real frequencies and ωj = +i
√
V0 − (k2j + µ2) for imaginary
frequencies. Note that Rφk(x)e
−iωt and Lφk(x)e
−iωt become purely right-going and left-going
waves,i.e., eikx−iωt and e−ikx−iωt, in the limit of V0 → 0, respectively. Now the quantization
of this field simply follows the general scheme described in Sec.2.
3.2 Time-varying mass
Instead of studying an “eternal” rotating star with ergoregion, it is more realistic to consider
a dynamical rotating star system. That is, the spacetime was almost flat in the past with
some matter distribution possessing non-zero total angular momentum. This matter starts
to collapse and finally settles down to a rapidly rotating star having ergoregion. In this
situation, we are mainly interested in the field dynamics in which the state of the quantum
field in the past is specified (for instance, the in-vacuum state) before the complex frequency
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modes develop. As a model for this, we shall investigate below a time-varying potential V (t)
such that
V (t) = −V0
2
(tanh ρt + 1) =
{
0 as t→ −∞,
−V0 as t→∞. (45)
Separating φ(t, x) = eikxφk(t), we find that Eq. (2) yields
d2φk
dt2
+ (k2 + µ2C(t))φk = 0 (46)
where
C(t) = 1 + µ−2V (t) = (1− V0/2µ2)− V0
2µ2
tanh ρt
=
{
1 as t→ −∞,
−µ−2(V0 − µ2) as t→∞.
For V0 > µ
2, the system is equivalent to a free scalar field starting with normal mass µ2 and
ending up with “tachyonic” mass −(V0 − µ2) < 0. Therefore, imaginary frequency modes
occur as time evolves. For example, in the far future t ∼ ∞, all modes satisfying k2+µ2 < V0
have imaginary frequencies ω(k) = ±i
√
V0 − (k2 + µ2). Schroer[17] has already studied the
quantization of a scalar field with tachyonic mass, showing one of remarkable results that
the tachyons propagate causally.
Eq. (46) can be solved exactly in terms of hypergeometric functions. The mode solutions
which behave like plane waves with positive frequency ωin =
√
k2 + µ2 in the remote past
are
φink (t) ∼ e−iω+t−iω−/ρ ln(2 cosh ρt)2F1(1 + iω−/ρ, iω−/ρ; 1− iωin/ρ; (1 + tanh ρt)/2)
−→ e−iωint as t→ −∞.
On the other hand, the modes which behave like plane waves with frequency ωout =√
k2 + µ2 − V0 in the far future are
φoutk (t) ∼ e−iω+t−iω−/ρ ln(2 cosh ρt)2F1(1 + iω−/ρ, iω−/ρ; 1 + iωout/ρ; (1− tanh ρt)/2)
−→ e−iωoutt as t→∞
where ω± = (ωout±ωin)/2. Thus, the asymptotic behavior of φoutk for k2+µ2 < V0 is that of
imaginary frequency modes of ωout = i
√
V0 − (k2 + µ2). These two complete bases lead to
the following two equivalent expansions of the field φ(t, x)
φ(t, x) =
∑
k
(aku
in
k + a
†
ku
in∗
k ) =
∑
k
(bku
out
k + b
†
ku
out∗
k ) (47)
where uk(t, x) = e
ikxφk(t). Since the Klein-Gordon inner product is time-independent for
solutions satisfying suitable boundary conditions at x = ±∞, we obtain
<uink′ , u
in
k > |t=t =<uink′ , uink > |t=−∞ = ǫkδk′k, (48)
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and
<uoutk′ , u
out
k > |t=t =<uoutk′ , uoutk > |t=∞ = ǫkδk′k for k2 + µ2 > V0,
<uout∗−k , u
out
k >= −i, <uoutk , uoutk >= 0 for k2 + µ2 < V0.
Thus, the commutation relations among mode operators are
[ak , a
†
k′ ] = δkk′ , [ak , ak′] = [a
†
k , a
†
k′] = 0 for all k,
[bk , b
†
k′] = δkk′ , [bk , bk′ ] = [b
†
k , b
†
k′] = 0 for k
2 + µ2 > V0,
[bk , b−k] = −i , [bk , b†k] = 0 for k2 + µ2 < V0.
By using the linear transformation properties of hypergeometric functions [26], we have the
following Bogolubov transformations between in and out modes.
uink (t, x) = αku
out
k (t, x) + βku
out∗
−k (t, x) (49)
where
αk ∼ Γ(1− iωin/ρ)Γ(−iωout/ρ)
Γ(−iω+/ρ)Γ(1− iω+/ρ) , βk ∼
Γ(1− iωin/ρ)Γ(iωout/ρ)
Γiω−/ρ)Γ(1 + iω−/ρ)
. (50)
Hence,
bk = αkak + β
∗
−ka
†
−k. (51)
From Eq. (49), we obtain
|αk|2 − |βk|2 = 1, αkβ∗k − α−kβ∗−k = 0 for k2 + µ2 > V0,
|αk|2 − |βk|2 = 0, αkβ∗k − α−kβ∗−k = −i for k2 + µ2 < V0.
Notice that the second ‘converted’ relations result from the unusual form of the commutation
relations among mode operators for imaginary frequencies.
Since the scalar field becomes free as t → −∞, there exists a well-defined Fock repre-
sentation near t ∼ −∞ as usual. Let |0>in be a vacuum state defined as ak|0>in= 0 for all
k. As seen before, however, there is no well-defined vacuum state in the remote future due
to the presence of imaginary frequency modes. Now let us consider a “particle” detector
linearly coupled to the field near t ∼ ∞ placed in the in-vacuum state |0>in. The transition
probability of the detector from |E0> to |E ′> with E = E ′−E0, in first order perturbation
theory, is proportional to the response function F(E)[27].
F(E) = lim
T→∞
∫ T+∆T
T
dt
∫ T+∆T
T
dt′ e−iE(t−t
′)
in<0|φ[x(t)]φ[x(t′)]|0>in . (52)
Since in<0|φ[x(t)]φ[x(t′)]|0>in= ∑k uink (x)uin∗k (x′) by using Eq. (47), we see
F(E) = lim
T→∞
∑
k
|
∫ T+∆T
T
dt e−iEtuink (x) |2. (53)
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From the Bogolubov transformations Eq. (49) and the asymptotic behavior of uoutk (x) near
t ∼ ∞, we obtain finally
F(E) = lim
T→∞
∑
k2+µ2>V0
1
4πω
{|αk|2(sinE+∆T
E+
)2 + |βk|2(sinE−∆T
E−
)2
+
1
2
Re[αkβ
∗
k
sinE+∆T sinE−∆T
E+E−
e−2iω(T+∆T/2)]}
+
∑
k2+µ2<V0(k>0)
1
4π|ω|{|
sinE+∆T
E+
|2[(|αk|2 + |β−k|2)e2|ω|(T+∆T/2)
+(|α−k|2 + |βk|2)e−2|ω|(T+∆T/2)] + 1
2
Re[αkβ
∗
k(
sinE+∆T
E+
)2 + α−kβ
∗
−k(
sinE−∆T
E−
)2]}
where ω = ωout(k) =
√
k2 + µ2 − V0 and E± = E ± ωout for real frequency modes and
ωout(k) = ±i
√
V0 − (k2 + µ2) and E± = E± i|ωout| for imaginary frequency modes with ±|k|
momentum, respectively.
Noticing that (sin ε∆T/ε)2/∆T ∼ δ(ε) for ∆T ≫ 1, the transition rate is given by
F(E)
∆T
∼ ∑
k2+µ2>V0
|βk|2
4πωout
δ(E − ωout) +
∑
k2+µ2<V0(k>0)
|αk|2 + |β−k|2
4π|ωout|(E2 + |ω|2)
e2|ω|∆T
∆T
e2|ω|T (54)
in the limit of T,∆T → ∞. This result shows non-vanishing excitations of the particle
detector related to the imaginary frequency modes as well as the usual contributions due to
the positive energy mode mixing in real frequency modes. Furthermore, the contributions
related to imaginary frequency modes grow exponentially in T , implying some instability
in the future probably due to no boundedness below in the energy spectrum. Note also
that the δ-function in the first term implies the energy conservation, that is, at first order
perturbation theory, only the real frequency field mode whose quantum energy is same as that
of the particle detector (E = ωout) can excite the particle detector. For imaginary frequency
modes, however, all modes contribute to the excitation possibly because the energy spectrum
for any imaginary frequency mode is continuous as shown in Sec. 2.
4 Discussion
In this paper, we have shown why one needs to consider complex frequency modes in in-
vestigating the vacuum stability for a scalar field near stars with ergoregions, and how the
quantization can be formulated in the presence of imaginary frequency modes for a real
scalar field interacting with external potentials. As simple systems, we examined a one-
dimensional square-well potential and a scalar field with varying mass. We found that it is
possible to quantize the field in the presence of imaginary frequency modes, but the mode
operators for them do not admit a Fock-like representation and so no particle interpretation.
The Hamiltonian operator for imaginary frequencies are equivalent to a system of a set of
13
two decoupled repulsive harmonic oscillators. Therefore, the energy spectrum is continuous,
no normalizable energy eigenstate exists, and there is no ground state. The excitation of
the particle detector placed in the in-vacuum state for the field with time varying mass has
contributions related to imaginary frequency modes as well. The transition rate, however, is
not stationary but is exponentially increasing in time.
For the issue of vacuum stability near rapidly rotating stars with ergoregions, these
results strongly indicate that there exists the quantum instability as well corresponding to
the classical ergoregion instability shown in the appendix. However, its character will be
very different from the conventional analysis of the quantum vacuum instability in the case
of a rotating black hole because the analysis in that case relies on the existence of vacuum
states natural to two asymptotic regions in the past and the future or the existence of two
equivalent complete bases of the Hilbert space whereas the inclusion of imaginary frequency
modes does not admit a Fock-like representation or a vacuum state. Non-vanishing β-
coefficients in the Bogolubov transformations do not give a direct interpretation of particle
creation for imaginary frequency mode operators, not only because the particle interpretation
breaks down, but also because any energy eigenstate for imaginary frequency modes is non-
normalizable. For some cases, however, one can use Unruh’s “particle” detector model to
extract some useful physics as we have shown in the previous section for a scalar field with
time varying mass. For general cases, it would perhaps be preferable to take the point of
view that the fundamental object in quantum field theory is the field operator itself, not the
“particles” defined in a preferred Fock space[28, 29]. For example, the expectation value of
the energy-momentum tensor should be a meaningful quantity. However, renormalization
of the energy-momentum in the presence of complex frequency modes would have to be
understood first. As far as we know, this interesting issue has never been addressed. A
direct application of the present work to the issue of quantum instability near a star with
eroregion will appear elsewhere.
It is also an interesting issue how to construct a quantum field theory in the presence of
complex frequency modes by using the algebraic approach. To obtain a quantum description
of fields in this approach, one first defines the ∗-algebra of field operators and then con-
structs the Hilbert space of states by choosing an appropriate ∗-representation, equivalently
a suitable complex structure, of this ∗-algebra with a set of rules for dynamics. The most
difficult part in this prescription is to single out the ‘correct’ representation among all possi-
ble ∗-representations. In Ref. [6], Ashtekar and Magnon have shown how certain physically
motivated requirements select a unique complex structure and so the ‘correct’ representation.
In the presence of complex frequency mode solutions, however, it is not clear at present stage
whether or not this algebraic approach is extendable. It is not only because the field grows
unboundedly in time due to the imaginary part of the complex frequency so that the very
construction of the ∗-algebra itself would break down, but also because the inner product
becomes indefinite as shown in Eq. (13) so that it is unclear whether one can find a complex
structure compatible with the symplectic structure. Of course, the field would not blow up
in the realistic system. In other words, if we also include the dynamics of the external system
which is producing the external potential, then the field will stop the exponential increase
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in time when the external potential loses its energy into the field and becomes smaller than
a certain critical value, for example, when V0 < µ
2 in the case of square-well potential and
when the ergosphere disappears in the case of a rapidly rotating star as mentioned by the
authors in Ref. [6].
There are many other fields in physics in which complex frequency modes play important
roles. Generically, if a system stores some “free” energy which can be released through inter-
actions, then some amplifications occur, revealing complex frequency modes classically. In a
system of plasma, for instance, a small perturbation of electric field exponentially increases
in time if the phase velocity of the perturbed field is smaller than the velocity of charged
particles, and is damped in the opposite case. The energy stored in plasma is released quickly
by a small perturbation, giving complex frequency modes[11]. In a tunable laser, the energy
stored in dielectric material amplifies an incident light and results in the intensity increasing
of the output laser beam. In a field theoretic treatment of the system, the dielectric material
plays the role of a source producing an external potential and it is possible for complex
frequency modes to occur under suitable conditions[30]. In the theory of linear quantum
amplifiers[31], one assumes a time dependent annihilation operator, a(t) = a(0)eWt/2−iωt
with a gain factor W . This gain factor W may be interpreted simply as coming from the
imaginary part of a complex frequency mode in the second quantization scheme where one
does not need to assume the non-unitary evolution of the mode operator. In addition, the
repulsive harmonic oscillator representation appeared in the quantization formalism in this
paper may be able to explain the model of the inverted oscillator amplifier[32] and the initial
stages of the superfluorescence process modeled by Glauber and Haake[33] in a more funda-
mental sense. Therefore, the quantization formalism described at the present work may be
useful to understand those phenomena in the context of quantum field theory.
The author would like to acknowledge useful discussions with A. Ashtekar, S. Corley,
B.R. Iyer, C.W. Misner, P. Mohanty, R. Nityananda, J. Samuel, and J.H. Yee. Especially,
I am deeply indebted to Ted Jacobson for many helpful discussions and suggestions. This
research was supported in part by NSF Grant PHY94-13253.
Appendix: Occurrence of Complex Frequency Modes
In this appendix we will basically follow Vilenkin’s demonstration showing the generation
of exponentially amplified waves, which is related to the occurrence of complex frequency
modes, in the background metric of rapidly rotating stars. The physical interpretation of
the demonstration will be the following. An incoming radial wave in a superradiant mode
will be scattered by the potential barrier near the ergosurface with a reflection coefficient
bigger than unity. The transmitted wave will be trapped inside the ergoregion by passing
through the center of the rotating star and by being reflected at the ergosurface repeatedly.
At each reflection at the ergosurface, the transmitted waves will be amplified and escape to
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infinity. Thus, the total energy of outgoing waves looks like an exponential amplification of
that of the initial ingoing wave, reminiscent of laser action.
The system we consider is a massless real scalar field φ(x) satisfying the Klein-Gordon
equation
✷φ =
1√−g∂µ(
√−ggµν∂νφ) = 0 (55)
in the spacetime of a rotating star with ergosphere but no event horizon. Thus, the system
is stationary and the spacetime outside the surface of the rotating star is described by the
Kerr metric. The inside of the star body is assumed to be regular. We assume that the
surface of the star body is near the outside of the corresponding event horizon, if it would
have existed, of the Kerr metric.
Since the Kerr metric has two Killing vector fields(i.e., ξa = (∂/∂t)a and ψa = (∂/∂ϕ)a
in Boyer-Linquist coordinates (t, r, θ, ϕ)) and Carter’s constant from ∇(aKbc) = 0, Eq. (55)
is separable and admits a complete set of solutions of the form[3, 5]
φ(x) = e−iωt+imϕUωlm(r)Sωlm(θ). (56)
Then, Eq. (55) becomes, outside the rotating star body,
∂
∂r
(△∂φ
∂r
)+
1
sin θ
∂
∂θ
(sin θ
∂φ
∂θ
)−m2( 1
sin2 θ
−a
2
△)φ−4amω
Mr
△ φ+ω
2[
(r2 + a2)2
△ −a
2 sin2 θ]φ = 0
(57)
where △ = r2 − 2Mr + a2, and M and a are the total mass of the rotating star and the
angular momentum per unit mass, respectively. l and m are integers satisfying |m| ≤ l.
Defining Uωlm(r) = Rωlm(r)/(r
2 + a2)1/2, the radial part of Eq. (57) yields
d2Rωlm
dr∗2
− Vωlm(r)Rωlm = 0 (58)
where the r∗ is a “generalized” tortoise coordinate defined by dr∗/dr = (r2 + a2)/△. Since
△(r) → 0 as r approaches the horizon radius r+ = M +
√
M2 − a2, one can easily see
r∗ → −∞ as r decreases to r+.
The asymptotic behavior of the effective potential Vωlm(r) induced through the interaction
with the gravitational field is as follows:
Vωlm(r) ∼
{ −ω2 as r∗ →∞
−(ω −mΩH)2 as r∗ → r∗0. (59)
Here the r∗0 corresponds to r = r0 (
>∼ r+ and so r∗0 ∼ −∞) at which the surface of the
rotating star is located. ΩH is defined as ΩH = a/(2Mr+), which is the angular velocity
of the horizon of the Kerr metric. Note that, between two asymptotic regions, there exists
a potential hump which grows as l increases. Note also that the left asymptotic value
−(ω −mΩH)2 varies from 0 to −∞ as mΩH changes. In particular, a deep potential well is
produced for a big value of mΩH which leads to the classical superradiance mode.
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The behavior of this potential will not change much when it crosses the surface of the
rotating star body. However, we put a totally reflecting mirror on the surface of the star. This
reflection boundary condition is justified if the scalar field does not interact with the matter
of the rotating star body. That is, an ingoing spherical wave will cross the surface of the
star, pass the center, and go back to the outside of the star without being changed much. We
achieve this reflection boundary condition on the star surface by setting an infinite potential
wall at r∗ = r∗0. Therefore, any scalar field satisfying this reflection boundary condition will
vanish at the reflecting mirror, i.e., φ(x) = 0 at r∗ = r∗0. In addition to this inside boundary
condition, we also assume that the field does not blow up at infinity.
Now, the question arises as to whether or not there exist complex frequency modes in
the geometry described above. In the case of a rotating black hole, Detweiler and Ipser[34]
have made a numerical search showing that complex frequency modes of Im ω > 0 do not
exist. After many years, Whiting[7] finally proved this analytically for massless fields. On
the other hand, in the case of an ultrarelativistic rotating star where an ergosphere appears
and a reflecting mirror boundary surface is assumed, the occurrence of complex frequency
modes has been shown by Vilenkin[8]. He basically shows how the existence of the reflection
boundary condition produces the exponential amplification of the waves in superradiant
modes. The issue on the ergoregion instability has also been studied by many authors from
various points of view[9].
Let us first consider the rotating black hole case. From the asymptotic form of the
potential in Eq. (59), we can easily construct the linearly independent solutions R±ωlm of
Eq. (58) whose asymptotic forms are
R+ωlm ∼
{
B+e−iω˜r
∗
as r∗ → −∞
e−iωr
∗
+ A+eiωr
∗
as r∗ →∞ (60)
and
R−ωlm ∼
{
eiω˜r
∗
+ A−e−iω˜r
∗
as r∗ → −∞
B−eiωr
∗
as r∗ →∞ (61)
where ω˜ = ω −mΩH and ω > 0. As one can see, R±ωlm are the waves originating at infinity
and at the horizon, respectively. From Eq. (58), we obtain
d
dr∗
(R1
dR2
dr∗
− R2dR1
dr∗
) = (V2 − V1)R1R2 (62)
for any two solutions Rω1l1m1 and Rω2l2m2 . When V2 = V1, the Wronskian (= R1R
′
2 −R2R′1)
is constant, and then it leads to the relations
1− |A+|2 = ω˜
ω
|B+|2, 1− |A−|2 = ω
ω˜
|B−|2,
ωB− = ω˜B+, A+∗B− = − ω˜
ω
A−B+∗. (63)
It can be easily seen from the above equations that |A+|2 > 1 and |A−|2 > 1 for ω˜ < 0(i.e.,
ω < mΩH), which are the so-called superradiant modes. This property indicates that, if an
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ingoing wave packet sharply peaked in frequency in the range of superradiance is scattered
off the black hole, an amplified fraction |A+|2 will be reflected back to infinity with being
amplified and a fraction |A+|2 − 1 = − ω˜
ω
|B+|2 will be transmitted through the ergoregion
and absorbed into the event horizon finally.
In the case of a rotating star, however, this transmitted wave becomes an outgoing wave
after passing through the center of the star and will then scatter at the potential barrier in
the ergoregion. The reflected fraction this time will be |A−|2 (> 1) and |A−|2−1 = −ω
ω˜
|B−|2
for the transmission. This process will be repeated presumably until all rotational energy of
the star is released to infinity. Assuming the energy of the incident wave to be E0, the total
energy escaped to infinity is
EOUT = E0(|A+|2 + |B−B+|2
∞∑
n=0
|A−|2n). (64)
The energy accumulated in the ergoregion equals
EIN = E0
ω˜
ω
|B+|2 lim
n→∞
|A−|2n. (65)
For non-superradiant modes ω˜ > 0, the above two equations are still satisfied and we find
EIN = 0 and EOUT = E0 since |A−| < 1 and ∑∞n=0 |A−|2n = (1 − |A−|2)−1. On the other
hand, if ω˜ < 0, i.e., superradiant modes, then |A−| > 1 and we find both EIN and EOUT
diverge. However, the sum is always the incident energy, EIN +EOUT = E0. If t0 is the time
interval between two successive reflections at the mirror r∗ = r∗0, then the radiated power
measured at infinity is
dE
dt
∼ |A−|2t/t0 = et/τ (66)
where the “e-folding” time is τ = t0/2 ln |A−|. Assuming t0 ∼ 2|r∗0|/c,
τ ≃ |r∗0|/ln |A−|. (67)
Note that τ →∞ as ω˜ → 0, i.e., |A−| → 1, and so the amplification of waves becomes very
weak.
This effect of exponential amplification in the presence of the reflection boundary strongly
suggests that there exist unstable mode solutions of Eq. (55) which grow exponentially in
time. In fact, there exists such an unstable mode solution in the presence of the reflection
boundary condition which is purely outgoing at infinity like Eq. (61) up to an overall scaling.
Since such a mode solution should not blow up at infinity(in order to be included in standard
approach to quantization), it must satisfy the following two boundary conditions, including
the one on the surface of the star,
Rωlm(r
∗ = r∗0) = 0; |Rωlm(r∗ →∞)| <∞. (68)
From the first condition, we find
eiω˜r
∗
0 + A−e−iω˜r
∗
0 = 0. (69)
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Thus, defining A− = |A−|eiδ,
ω = mΩH +
(2n− 1)π − δ
2r∗0
+ i
ln |A−|
−2r∗0
. (70)
We find that the imaginary part of the frequency ω is non-zero:
ωI = Im ω = ln |A−|/(−2r∗0). (71)
If |A−| < 1, then ωI < 0 and we see the boundary condition at infinity in Eq. (68) is
not satisfied. Thus, only the “superradiant” modes (|A−| > 1) as viewed from inside the
ergosurface give satisfactory solutions. Since the time dependence of the unstable mode
solutions are φω ∼ e−iωt = e−iωRteωI t, the radiated power to infinity will be proportional to
e2ωI t = et/τ , and thus we obtain τ = (2ωI)
−1 = −r∗0/ln |A−|, which agrees with Eq. (67).
According to Eq. (71) ωI diverges as |A−| (> 1) increases. It, however, can be shown
that ωI is bounded. By multiplying Eq. (57) by φ
∗ and integrating over r and θ, we obtain
∫ ∞
r0
∫ pi
0
sin θdrdθ { △|∂φ
∂r
|2 + |∂φ
∂θ
|2 + [ m
2
r2 sin2 θ
(△− a2 sin2 θ) + 4amM
r
ω
−ω
2
r2
((r2 + a2)2 − a2△ sin2 θ)]r
2
△|φ|
2} = 0
since the boundary terms vanish at r = r0 , ∞ and θ = 0 , π. First notice that ω must be
real for m = 0 in the above equation. Using [(r2+a2)2−a2△ sin2 θ]/r2 ≥ r2++a2+2Ma2/r+
for r ≥ r+, we see
mωR ≥ 0, 0 ≤ |ωR| ≤ |m|ΩH (72)
and
ω2I ≤ (1 + a4/r4+)ω2R + 2mM(m + 2aωR)/r3+. (73)
Therefore, unstable eigenfrequencies are confined in a bounded region.
We have seen that unstable modes with complex frequencies occur in the region of su-
perradiance for a massless scalar field when a reflection boundary condition is assumed
somewhere inside the ergoregion, which can be regarded as a rapidly rotating star. In the
case of rotating black holes, no such complex frequency modes exist. For a small negative
energy perturbation in the ergoregion is simply absorbed by the event horizon so that the
outgoing positive energy flow is not amplified any more. In contrast, for a rotating star,
the negative energy is trapped inside the ergoregion giving amplified positive energy flows
to infinity repeatedly, and so revealing an exponential amplification. Of course, the negative
energy inside amplifies itself to conserve energy. This process leads to instability and gives
unstable modes whose frequencies are complex.
References
[1] Y.B. Zel’dovich, Pis’ma Zh. Eksp. Teor. Fiz. 14, 270(1971) [ZETP Lett. 14, 180(1971)];
C.W. Misner, Bull. Am. Phys. Soc. 17, 472(1972).
19
[2] A.A. Starobinskii, Zh. Eksp. Teor. Fiz. 64, 48(1973) [Sov. Phys. JETP 37, 28(1973)].
[3] W.G. Unruh, Phys. Rev.D 10, 3194(1974); L.H. Ford, Phys. Rev. D 12, 2963(1975),
and see references therein.
[4] S.W. Hawking, Commun. Math. Phys. 43, 199(1975).
[5] A.L. Matacz, P.C.W. Davies and A.C. Ottewill, Phys. Rev. D 47, 1557(1993).
[6] A. Ashtekar and A. Magnon, C. R. Acad. Sci. Ser. A 281, 875(1975); Proc. R. Soc.
Lond. A. 346, 375(1975).
[7] B.F. Whiting, J. Math. Phys. 30, 1301(1989).
[8] A. Vilenkin, Phys. Lett. 78B, 301(1978).
[9] N. Comins and B.F. Schutz, Proc. R. Soc. Lond. A. 364, 211(1978); J.L. Friedman,
Commun. Math. Phys. 63, 243(1978); H. Sato and K. Maeda, Prog. Theor. Phys. 59,
1173(1978); and see references therein.
[10] R. Lang, M.O. Scully, and W.E. Lamb, Phys. Rev. A 7, 1788(1973).
[11] T.H. Stix, The Theory of Plasma Waves (McGraw-Hill Book Company, New York,
1962).
[12] H.H. Nussenzveig, Nuovo Cimento 20, 694(1961); R.G. Winter, Phys. Rev. 123,
1503(1961).
[13] E.P. Wigner, Am. J. Phys. 23, 371L(1955); L. Rosenfeld, Nucl. Phys. 70, 1(1965).
[14] E.S.C. Ching, P.T. Leung, W.H. Suen, and K. Young, Phys. Rev. D 52, 2118(1995); H.
Onozawa, T. Mishima, T. Okamura, H. Ishihara, “Quasinormal Modes of Maximally
Charged Black Holes,” TIT/HEP-311/COSMO-61, gr-qc/9603021.
[15] L.I. Schiff, H. Snyder and J. Weinberg, Phys. Rev. 57, 315(1940).
[16] B. Schroer and J.A. Swieca, Phys. Rev. D 2, 2938(1970).
[17] B. Schroer, Phys. Rev. D 3, 1764(1971).
[18] S.A. Fulling, Aspects of Quantum Field Theory in Curved Space-time, (Cambridge Uni-
versity Press, Cambridge, England, 1989).
[19] The Klein paradox is a paradox in the context of a single particle theory. In a many
particle theory such as the quantum field theory, it is merely a pair creation of particles
when an external potential becomes strong enough to provide at least the rest mass
energy of the created pair of particles. By considering a step potential enclosed in a
box, Fulling clearly shows how the Klein and Schiff-Snyder-Weinberg effects appear
20
and how they are continuously related as the potential depth is deepened. For a brief
explanation of the Klein paradox, see the p. 515 in Lectures on Quantum Mechanics by
Gordon Baym,(The Benjamin/Cummings Publishing Company, Massachusetts, 1969).
[20] C.A. Manogue, Ann. Phys. (N.Y.) 181, 261(1988).
[21] This assumption has indeed been proved by Whiting[7].
[22] In fact, the one-dimensional Maxwell wave equation [n2(z)∂2t − ∂2z ]E(z, t) = 0[10] can
be related to Eq. (2) for massless fields in one dimension by a transformation E(z, t) =
n−1/2(z)φ(x, t) and dx/dz = n(z) with the potential V (x) = −n−3/2∂2zn−1/2[14].
[23] In a Hydrogen atom, the energy spectrum from Dirac’s equation indeed shows that
the ground state energy becomes imaginary as the atomic number Z is larger than
α−1 ≃ 137, e.g., Eg = mc2
√
1− (Zα)2.
[24] By suitable boundary behavior, we mean that the spatial part of solutions has a compact
support, is periodic, or goes to zero sufficiently fast as one approaches spatial infinity.
[25] Since we are assuming a non-singular potential well around x = ±a, the first derivative
of φj(x) must be continuous.
[26] See the equations (15.3.6) and (15.3.3) in Handbook of Mathematical Functions edited
by M. Abramowitz and I.A. Stegun (National Bureau of Standard, Washington D.C.,
1964).
[27] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space (Cambridge Univer-
sity Press, Cambridge, England, 1982).
[28] W.G. Unruh, “Particles and Fields” in Quantum Mechanics in Curved Space-Time
edited by J. Audretsch and V. de Sabbata (Plenum Press, New York, 1990).
[29] R.M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermody-
namics (The University of Chicago Press, Chicago, 1994).
[30] Private discussion with Pritiraj Mohanty at the university of Maryland. He has been
working on a system of cavity filled with dielectric material and found also that the study
of the role of complex frequency modes in quantum field theoretic regime is crucial to
understanding the related optical phenomena.
[31] S. Stenholm, Physica Scripta, T12, 56(1986).
[32] B.R. Mollow and R.J. Glauber, Phys. Rev. 160, 1076 and 1097(1967).
[33] R. Glauber and F. Haake, Phys. Letts. 68A, 29(1978).
[34] S.L. Detweiler and J.R. Ipser, Astrophys. J. 185, 675(1973).
21
